The present paper analyzes a multigrid algorithm for the Crouzeix-Raviart discretization of the Poisson and Stokes equations in two and three dimensions. The central point is the construction of easily computable L2-projections based on suitable quadrature rules for the transfer from coarse to fine grids and vice versa. SIAM J. NUMER. ANAL. Vol. 27, No. 4, pp. 979-986, August 1990 (C) 1. Introduction. The so-called Crouzeix-Raviart element [5] is one of the most popular nonconforming finite element methods for the discretization of elliptic systems of second-order partial differential equations in two and three dimensions. When standard multigrid algorithms are applied to the resulting discrete problems, the main difficulty lies in the construction of suitable prolongation and restriction operators for the transfer from coarse to fine grids and vice versa.
1. Introduction. The so-called Crouzeix-Raviart element [5] is one of the most popular nonconforming finite element methods for the discretization of elliptic systems of second-order partial differential equations in two and three dimensions. When standard multigrid algorithms are applied to the resulting discrete problems, the main difficulty lies in the construction of suitable prolongation and restriction operators for the transfer from coarse to fine grids and vice versa.
Extending the techniques of [8] , we overcome this difficulty by constructing easily computable L2-projections based on suitable quadrature rules. The resulting prolongation and restriction operators are natural extensions of the standard ones.
To simplify the exposition, we give a detailed convergence analysis of the resulting multigrid algorithm for the Poisson equation. Afterwards, we comment on the generalization to the Stokes equations. The generalization also shows how the method may be extended to other nonconforming elements. The convergence analysis follows the framework of[ 1 and [2] and applies to the W-cycle with Jacobi relaxation as smoothing procedure. For technical reasons we assume that the finite element partitions are uniform. But the definition of the projections and the formulation of the multigrid algorithm immediately carry over to locally refined grids. (2.6) Ilu-u*ilo/ hlu u*l, <-chllfllo where the constant c is independent of k (compare also the proof of equations (5.11) and (5.12) in [5] ). For later use we note that (2.6) remains valid if the right-hand side of (2.5) is evaluated by numerical integration, provided the quadrature rule is exact for linear finite elements and f Sk (cf. the proof of Theorem 4.1.1 in [4] Chapter 4 of [4] ). To simplify extensions of our method we will use only the fact that (u, V)k and (u, v) induce equivalent norms on Sk-q3Sk:
The standard basis functions of S k equal 1 at the midpoint of exactly one edge and vanish at the midpoints of all other edges. From (3.1) it follows that these functions are mutually orthogonal with respect to the inner product (.,.)k. Therefore, we can obtain an easily computable "prolongation" operator Pk_l,k:
In practice, the calculation of Pk_l,kDk_l results in a suitable averaging of the nodal values of Vk-. TO see this, consider two adjacent triangles T, T -k-1 together with the corresponding fine-grid triangles as depicted in Fig. 1 .
Using (3.1) and (3.3), an easy calculation yields (3.4a) (3.4b) Pk-I,kVk-
This means that Pk-,ICVk-(XB) is the arithmetic mean of vic-[r,(XB) and Moreover, (3.4a-c) reduce to the standard interpolation formulae whenever Vk-C(T U T/). A similar expression can be deduced for the three-dimensional case. Using the operators Pk-l,k, we are now in a position to formulate our multigrid algorithm for the Crouzeix-Raviart discretization of the Poisson equation The error of the coarse-grid correction will be estimated by a duality argument.
We recall that in the analysis of conforming elements, Uk*-is directly treated as the approximation of e' in Sk-1. Here, the technique will be modified, and Uk*-and e' [5] and the stability of (6.2) in the sense of [3] imply the error estimate (6.3) I1-u*llo/ h{lu-u*l,, / IIp-p*llo} --ch,llfllo, Problem (6.2) fits into the abstract framework of [7] for multigrid algorithms applied to mixed problems with the exception of the nonconformity. Generalizing the techniques of [8] , this drawback can be overcome by applying the projection operator Pk-l.k to the velocity components when passing from a coarse to a fine grid and vice versa. With these modifications, the multigrid algorithm of [7] can be applied to problem (6.2) . The convergence analysis of [7] carries over, provided the proof of the approximation property is modified as shown in 4 for the Poisson equation.
